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Volterra Integral Equations

Structure

1.1. Introduction.

1.2. Integral Equation.

1.3. Solution of Volterra Integral Equation.

1.4. Laplace transform method to solve an integral equation.

1.5. Solution of Volterra Integral Equation of first kind.

1.6. Method of Iterated kernel/Resolvent kernel to solve the Volterra integral equation.

1.7. Summary

1.1. Introduction. This chapter contains basic definitions and identities for integral equations, various
methods to solve Volterra integral equations of first and second kind. Iterated kernels and Neumann
series for VVolterra equations.

1.1.1. Objective. The objective of these contents is to provide some important results to the reader like:
i.  Initial value problem reduced to Volterra integral equations.
ii.  Method of successive substitution to solve Volterra integral equation of second kind.
ilii.  Method of successive approximation to solve Volterra integral equation of second kind.
iv.  Resolved kernel as a series.
v.  Laplace transform method for a difference kernel.

1.1.2. Keywords. Integral Equations, Volterra Integral Equations, Iterated Kernels.



2 Volterra Integral Equations

1.2. Integral Equation. An integral equation is one in which function to be determined appears under
the integral sign. The most general form of a linear integral equation is

b(x)
h(x) u(x) = f(x) + J. K(x, &) u(é) d&é forall xela, b]

a

in which, u(x) is the function to be determined and K(x, &) is called the Kernel of integral equation.

1.2.1. Volterra Integral equation. A Volterra integral equation is of the type:
h(x) u(x) = f(x) + .[K(x , &) u(é) d& forall xe[a, b]
a

that is, in Volterra equation b(x) = x

(1) If h(x) = 0, the above equation reduces to
- 100 = [K(x, &) u) dg

This equation is called Volterra integral equation of first kind.

(it) If h(x) = 1, the above equation reduces to
1) =169+ [K(x. O u(&) de

This equation is called Volterra integral equation of second kind.

1.2.2. Homogeneous integral equation. If f(x) = 0 for all x < [a, b], then the reduced equation
bx
6 ue) = [K(x, & u(e) de
a

is called homogeneous integral equation. Otherwise, it is called non-homogeneous integral equation.
1.2.3. Leibnitz Rule. The Leibnitz rule for differentiation under integral sign:

£(x) £(x)
di | Foc oae|- [ 2 T de+F(x, A(N) dﬂ(x)
X

F(x, a(x) 29 d“(x)

a(x) a(x)

In particular, we have

a

%UK(X LA dé}jz—tum dE+K (X, x) u(x) .
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1.2.4. Lemma. If n is a positive integer, then

X X Xp_2 Xp_1

” j jF(x)dx . _1,j(x O™ (@) e
Proof. It In(x) = j (X— &)™ (£) d&, then In(a) = 0 and for n = 1, lx(x) = _[ F(2) de.

. . dl, _
Using Leibnitz rule, we get  ~- = f(X).

Now, differentiating In(x) w.r.t. x and using Leibnitz rule, we get

d|1 — d — j(‘ 0 n-1 — j(. n-2
— = —. .= |=|(x- f(&)dé =(n-1 X— f()d
il =M 1@ dg =(0-1) | (x-" F(§) o<
a a
or 1,09 _ (n-1) I,4(x) forn>1
dx
Taking successive derivatives, we get
dn—l
—— Ih(x) = (n-1) (1-2)...2.1 1(X)
dx
Again, differentiating,
n
d I,(x) =n-1! a lig = n =11 f(x) 1)
dx" dx
We observe that,
1™ (a)=0form=0,1,2,...,n -1 )

Integrating (1) over the interval [a, x] and using (2) for m =n —1, we obtain
19 09 = (0 -1t [ £0)
a

Again integrating it and using (2) form =n —2, we get
X X1

dn -2 |n(X) — |(n 2)(X) =n —1I J‘J.f(XZ) dX2 Xm

an

Continuing like this, n times, we obtain

Ih(x) = (n=1)! jT ...... XT f(x,) dx,dx,_;......dx, .

which provides the required result.
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1.2.5. Example. Transform the initial value equation 3—2’ + x%w =0; y(0) =1, y'(0)=0to Volterra
X X

integral equation.

d2y
Solution. Consider, pe = ¢(x) (@)
dy _ (
Then ¥ j (&) dE+Cy
0

Using the condition y'(0) =0, we get, C1 =0
d X
Y = (o 0z @
dx
0
Again, integrating from 0 to x and using the above lemma, we get
X
y= [0 g6 d¢ + C,
0
Using the condition y(0) =1, we get Co =1
so, y= [0 &) ds +1 ©
0
From the relations (1), (2) and (3), the given differential equation reduces to :

¢<x)+xj¢(§)d§ + j(x—é) #&)de +1=0
0 0

or 0 (0= ~1- [@x-)"(&) d¢
0

which represents a Volterra integral equation of second kind.

1.2.6. Exercise. Reduce following initial value problem into Volterra integral equations:

Ly"+xy=1, y'(0)=0=y(0).

X2
Answer. y(x) = > —j(X—é) Ey(&)dé.
0

d’y dy
2. 5 +AM) L + By = 90, ¥(@) = crand Y (2) = cz



Answer. f(x) = ¢y + c2(X—a) + I(x—f) g(&) dé+A(a) ¢ (x—a),

where K(x, &) = (x= &)[A(£) - B($)] - AQ).-
3.y"+Ay=0,y(0)=1,y'(0) =0.

Answer.y(x) =1 — A I(x—f) y(&) d&.
0
4.y"-5y'+6y =0, y(0)=0,y'(0) = -1.
Answer. y(x) = (6x—5) + J' (5—6x+65) §(&) d&.
0

1.3. Solution of Volterra Integral Equation.
1.3.1. Weierstrass M-Test. Suppose Z f,(z) is an infinite series of single valued functions defined in

a bounded closed domain D. Let ZM” be a series of positive constants (independent of z) such that
(i)  |f.(z)] <Muaforall nand for all zeD.
(i) ZM” IS convergent.

Then the series Z f. is uniformly and absolutely convergent in D.

X
1.3.2. Theorem. Let u(x) = f(x) + 4 IK(X , &) u(&) d& be a non-homogeneous Volterra integral
a

equation of second kind with constants a and . f(x) is a non-zero real valued continuous function in the
interval | = [a, b]. K(x, &) is a non-zero real valued continuous function defined in the rectangle R = I x|

={(x, &) :a< x, & <b}and [K(x, &) <MinR.

Then the given equation has one and only one continuous solution u(x) in I and this solution is given by
the absolutely and uniformly convergent series.

u(x) = (x) + 4 jK(x, ) f (1) dt+/12”K(x, t) K(t, t) f(t) dtdt+ .. ..

Proof. This theorem can be proved by applying either of the following two methods :
@ Method of successive substitution.

(b) Method of successive approximation.
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(a) Method of Successive Substitution. The given integral equation is

X
u(x) = f(x) + 4 J' K(x, 1) u(t) dt )
a
Substituting value of u(t) from (1) into itself, we get

u(x) :f(x)+/1.J-K(x, t)[f(t)mJ'K(t, t) u(t,) dq] dt

- f(x) zf K(x, 1) f (t) dt+ 42 '[ I K(x, ) K, t,) u(ty) dedt @)
Again substituting the value of u(t1) from (1) into (2), we get
u(x) = f(x) + 4 j K(x, t) f ) dtmzf K(x, ) K(t, t) () didt

+13J.J.J‘K(x, t) K(t, t)K (L, t,) u(t,) dt,dtdt

aaa

Proceeding in the same way, we get after n steps

u(x) = f(x)+ﬂIK(x ) f (bt

Ct ot (3)
+...+z“j I _[ KO 1) K, t) K (ot ) ft)dt ., dt..dtdt+R . (x)
a a a
Xt tha
where Rus1(x) = z”ﬂj j j K(x, 1) K(t, t)..K(t ,t) ut)dt dt ..dtdt @)
Consider the infinite series,
X X t
fx) + A J' K(x, 1) f (t)dt + 42 J' J' K(x, ) K, t,) f(t) dtdt+.. ©)
a a a

Neglecting the first term, let va(X) denotes the nth term of infinite series in (5). Since f(x) is continuous
over I, so it is bounded.

Let [f(x)| < N in . Also, itis given that |K(x, t)|< M in R. Therefore,
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(b-a)"
n!

Thus, v, < [4'mn N na) A M N (6)

. . b-a)" . . . . :
The series whose nth term is |ﬂ|n M"N ( : ) is a series of positive terms and is convergent by ratio
n

test for all values of a, b, ||, M and N.
Thus, by Weierstrass M—test, the series Zvn(x) is absolutely and uniformly convergentin I .

If u(x) given by (2) is continuous in I, then is bounded in I, that is,

ux)<Uforall xinI @)
n+1 n+1
Then, [R,, (0] <|A" M E8 = o st oy O=8) 7 g o6
(n+1)! (n+1)!
= lim R.4(x) =0 8

From equations (3), (4) and (8), we obtain
u(x) = (x) + AIK(X, t) f (1) dt +/12”K(x, £) K(t, t) f(t,) dt,dt +...to oo

which is the required series.

Now, we verify that this series is actually a solution of the given Volterra integral (1). Substituting the
series for u(x) in the R.H.S. of the given equation, we get

X ¢ Et
R.H.S. = f(x) + AIK(x, £ {f(g)mJ'K(g, 6 (1) dt+/12”|<(§, £) K(t, t,) f (t,) dt,dt +..to o

X X &
=f(x)+/1j'K(x, 8 (&) dngHK(x, £)K(E 1) f(t) dt dE+..to 00 = u(x) = LH.S.

(b) Method of Successive Approximation. In this method, we select any real valued function, say
uo(X), continuous on | = [a, b] as the zeroth approximation. Substituting this zeroth approximation in the
given Volterra integral equation.

u(x) = f(x) + A j K(x, 1) u(t) dt (1)
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ui(x) = f(x) + /lj K(x , 1) ug(t) dt @)
a
The value of uy(x) is again substituted for u(x) in (1) to obtain the second approximation, uz(x) where
X
Ua(x) = F(X) + A I K(x , 1) uy(t) dt 3)
a
This process is continued to obtain n™ approximation
X
Un(X) = F(X) +/1I K(X, t)u_,(t) dt forn=1,2,3,... @)

This relation is known as recurrence relation.

Now, we can write

Un(x) = f(x) + 1 j K (x, t){f(t)m j K(t, t) U, (t) dt1] dt
:f(x)+/1IK(x, £) F () dt + A2 j K(x, t) K(t, tl)[f(tl)+/1j K(t, t,)u, () dt, | dt, dt

or U, (x) = f(x) +/1IK(x, £) F () dt + 22 ”K(x, £) K(t, t)f (t)dtdt

Xxth

23 j J' J' K(x, 1) K(t, t)K(t, t,)dt, dtdt ©)

aaa

Continuing in this fashion, we get

Un(x) = f(x) +l.fK(x, t) f(t) dt+...
L0t J‘ j J: K(x, t) K(t, t,)..K(t, 5 t,,)f(t, ,)dt, ,.dtdt+R (X)F (6)

where
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Ro(X) = A" J' J' J‘ K (%, ) K(t t)K(t_ t_)U ()t ...dtdt )

Since uo(X) is continuous on | so it is bounded.
Let lup(¥)| < uin I (8)
n
Thus, [R,00]<]2 M7u O < mru C=8 g a5 0y
n! n!
So, nliinw R,(x) =0. 9)

Thus, as n increases, the sequence < un(x) > approaches to a limit. We denote this limit by u(x) that is,
u(x) = lim un(x)
N—oo

So,  u()=f(x)+ A I K(x, 1) f(t) dt +4 j j K ) K, 1) f(t) ddt+.towo  (10)

As in the method of successive substitution, we can prove that the series (10) is absolutely and
uniformly convergent and hence the series on R.H.S. of (10) is the desired solution of given Volterra
integral equation.

Uniqueness. Let, if possible, the given Volterra integral equation has another solution v(x). We make,
by our choice, the zeroth approximation uo(x) = v(x), then all approximations ui(x),...,un(X) will be
identical with v(x) that is,

un(x) = v(x) for all n
= lim un(X) = v(X)
= u(x) = v(x)
This proves uniqueness of solution. With this, the proof of the theorem is completed.

1.3.3. Example. Using the method of successive approximation solve the integral equation,
) = x— [ (=& u(e) dé &
0

Solution. Let the zeroth approximation be up(x) = 0

Then the first approximation uz(x) is given by :

ul(x)=X—IO.d§ =X @)
0
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3 ., Yolterra Integral Equations
Thus ) =X [ (4=8) (&) d& =x— [ (x-£) £ de
0 0
- X{X_fz}x{f_‘”’}x _ XX
2 |, | 3], 2 3
X3 X3
= X—E = x—a (3)
Now, 00 =X [ (4=8) Uy (&) d&
0
X 53
= x-[(x-9) (5—;} dé
0
3 5
= x—%+% 4)
From (2), (3) and (4), we conclude that the nth approximation, un(x) will be
— _X_3 X_5 _1\n-1 in&
Un(X) = X 3!+5!+...+( 1) 2n_D)! (5)

which is obviously the nth partial sum of Maclaurin’s series of sinx. Hence by the method of successive
approximation, solution of given integral equation is

u(x) = lim un(x) =sin x
n—oo

Hence the solution.

1.3.4. Exercise.
1. Using the method of successive approximation, solve the integral equation,

X

y(x) = e + j et y(t) dt .
X2 n
Answer. y(x) = lim e* [1+ TR +—} =eX. eX= e

2 u(x) =1+ I(x—g) u(é) dé.
0

Answer. cosh x



auar:r+j@—xw«adf
0

Answer. cos X

X

4.u00=1+ [ u(@) ds

0

Answer. e*

5. u(x) = e + .[ e’ u) dt
0

Answer. g***D
6.uX)=(1+x)+ I(x—é‘) u(&) d& with up(x) =1
0

Answer. e
1.4. Laplace transform method to solve an integral equation.

1.4.1. Definition. The Laplace transform of a function f(x) defined on interval (0, «) is given by
L[F)] = f(s) = _[ f(x) e dx 1)
0

Here, s is called Laplace variable or Laplace parameter. Also . f(x) = L™ [f(s)] is called inverse Laplace
transform.

1.4.2. Some important results.
1

1 @ L=

1) L(sin x) = (2) L[cos x] =

s? +1

n!
Sn

4) LIXT= ;=0 G)LIT'(x)] =sf(s) - f(0) (6) L[1]=

w |~

1.4.3. Convolution. The convolution of two functions f1(x) and f2(x) is denoted by
(f. * f2) (x) and is defined as (f1 * f2) (X) = I f,(x=&) f,(&) d&
0

1.4.4. Convolution theorem.(without proof)

Laplace transform of convolution of two functions is equal to the product of their respective Laplace
transforms, that is, [(f,* f,)(x)] = L[f,(X)]. L[f,(X)].
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b(x)

u(x) = f(x) + j K(x,&) u(&) dé

a

Let the kernel K(x, &) be a function of x— &, say g(x— &) then the integral equation becomes

b(x)

u(x) = () + j g(x—&) u(&) dé

a

In this case, the kernel K(x, &) = g(x—§) is called difference kernel and the corresponding integral is
called difference integral or convolution integral.

1.4.6. Working Procedure. Consider the integral equation
X
160 =60 + 2[ K(x ) u(®) d
0

where K(x, &) is difference kernel of the type g(x— &) then,
1) =169 + [ gx-&) u(&) dé
0

= u(x) = f(x) + A[g(x) * u(x)]
Applying Laplace transform on both sides, we get
U(s) = F(s) + 1 G(s) U(s)

where U(s), F(s) and G(s) represent the Laplace Transform of u(x), f(x) and g(x) respectively.

Then, U(s) = %

Applying inverse Laplace Transform

u(x) = L‘{—F(s) }
1-1G(s)

Note. Method of Laplace Transform is applicable to those integral equations only where the kernel is
difference Kernel.

1.4.7. Example. Use the method of Laplace Transform to solve the integral equation.

1) = %= [ (x=£) u(@) d¢ @
0



Solution. Here KX, &)=x-¢& =g(x—¢&)=09g(x) =x
Thus, (1) can be written as u(x) = x—g(x) * u(x)
Applying Laplace Transform on both sides
U(s) = L[x] —L[x] U(s)
1 1

= = U
23 (s)
1
2
= U = S+ = 21
1+ s“+1
S
So u(x) = L‘l[ ! } =sin x
’ s +1 '

1.4.8. Exercise. Use the method of Laplace Transform to solve the following integral equations.
X

@ w9=1+ (-5 u@de
0

Answer. cosh x.
X

@ uw9=1+ [E-u@ds
0

Answer. cos X.

@ uw=1+[uE@ads
0

Answer. e*

1.5. Solution of Volterra Integral Equation of first kind. Consider the non-homogeneous Volterra
integral equation of first kind

109= 2[K (x,&) u(&) d¢ @
0

Where the kernel K(x, &) is the difference Kernel of the type
K(x, §) =9(x-¢)

Then (1) can be written as

f(x) = 29(x) * u(x)
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F(s) = 4 G(s) U(s)

= U(S):% %

Applying inverse Laplace Transform on both sides :

_1 4| F(s)
U(X) = Z L {@}

1.5.1. Example. Solve the integral equation sin x = lj‘ex‘g u(&) dé
0

Solution. Here K(x, &) = ¢ = g(x—¢&)
= g(x) = e
Thus, (1) can be written as
sinx= 4 g(x) * u(x)
Applying Laplace Transform on both sides
L [sinx] = A4 L[e*] L[u(x)]

1 A
= = — U(s
s?+1  s-1 ©)
1 s-1 1 S 1
= U@s) = = == |
©) /A ) LZ+1 52+J
1 4] s 1
So, ux)= = L -
&) A L,Z+1 52+1}

u(x) = % (cosx—sinx).

X

1.5.2. Exercise. Solve the integral equation X = Icos(x—g) u(é) dé.

0

XZ
Answer. 1+?.

Volterra Integral Equations

1)

X
1.5.3. Theorem. Prove that the Volterra integral equation of first kind f(x) = ZIK(X , &) u($) d& can
0

be transformed to a Volterra integral equation of second kind, provided that K(x, x) # 0.
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Proof. The given equation is

f(x) = zjK(x E) u(E) de 1)
0

Differentiating (1), w.r.t. x and using Leibnitz rule, we obtain

J'— (&) dE+AK (X, ) u(x).1

- KX, %) u(x) = zj— (é)dé——

1 df ¢ 1 &K

= Hex) = AK (X, x)'&JrO_K(x, X)&u(g)d;‘
= 1) =960+ [H (x, &) u) d )
0
_ 1 df _ -1 &K " .
where g(x) = —AK(X X dx and H(x, &) = K. x) ox° Here, (*) represents the desired Volterra

integral equation of second kind.

1.5.4. Example. Reduce the integral equation sin x = /‘tJ‘eX‘f u(&) d¢ to the second kind and hence

solve it.

Solution. The given equation is

X
sin x = zjex-ff u(é) dé 1)
0
Differentiating (1) w.r.t. x, we get

oS X = ﬂjex‘é u(&) d& +1e**u(x).1

= oS X = AJeH u(&) dé+ 4 u(x)

X

= u(x) = %cosx - J.eH u(&) dé (2)
0
which is Volterra integral equation of second kind and can be simply solved by the method of Laplace
Transform.
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Consider the Volterra integral equation

) =169 + 2 K(x &) u(&) dé (1)

We take Ki(x, &) = K(x, &) 2)

and  Knsa(X, &)= IK(X DK, dtin=1,2,3,.. @A)
g

From here, we get a sequence of new kernels and these kernels are called iterated kernels.

We know that (1) has one and only one series solution given by
X X t
u(x) = (x) + AIK(X 0 dt+/12”|<(x DK, L) ft) ddt+.too  (4)
a aa

We write this series solution in the form :
u(x) = uo(X) + A ur(X) + A2 Uz(x) + ... to o (5)
Then comparing (4) and (5), we have
Uo(X) = f(x)

Uy(x) = jK(x () dt = jKl(x,t)f(t) dt

X t

and Uz(X) = j K(x, ty K(t, t) ) dt dt
a a

By interchanging the order of integration, we have

Ua(x) = j f(t,) j K(x, t) Ky(t, t,) dt | dt,

. If(tl) K,(x, t) dt, = I £(t) K,(x, tydt

Similarly, Un(X) = .[ F(t) K, (X, t) dt

Thus, (5) becomes

u(x) = f(x) + AJKl(x 1) dtmzsz(x 1) (1) dt+... to oo



S u) = () + ﬂj[Kl(x D+ Ky(x L 1) 447 Ky(x ) +.00 | £ 1) dlt
= f(x) + lIR(X tA)F@) dt ©)

where R(x, t: A1) = Z/ln‘lKn(x , 1)
n=1

Thus, (6) is the solution of given integral (1).
1.6.1. Neumann Series. The series K+ AK, + 12K, +............ to oo is called the Neumann Series.

1.6.2. Resolvent Kernel. The sum of Neumann Series R(X, t: 4) is called the Resolvent Kernel.

1.6.3. Example. With the aid of Resolvent Kernel find the solution of the integral equation
000=x+ [(£-0) ¢ @) de.
0
Solution. Here, Ki(x, &) =K(x, &)= &—X 1)
and Kn+1(X, &) = jK(x K (t, &) dt @)
¢
Puttingn=1, 2, 3,... in (2), we have,

Kax, )= [K DK, &) ot = [0 dt=;—f(§—x)3
4 I

and  Ks(x, &) = jK(x DK (t, &) dt = j(t—x){—%(ﬁ—t)ﬂ dt = %((g—t)5
) ) ! !

The Resolvent Kernel is defined as

® _ _v)3 _ v\°
R(x, &:4)= Zl/”t”‘l K,(x, &) = 61!X_(§ 3!X) +(ég 5!X) ......... tooo (4 =1)

:sir;(g—x)

The solution of the integral equation is given by

¢(x):f(x)+sz(x, £ A) () de
0

X

=x+ jg sin(¢—x) d¢&
0
=X + sin X — X [Integrating by parts]
=sin X
This completes the solution.
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second kind:

(1) ux)=fx)+ 4 j &% u(¢) de
0

X
Answer. u(x) = f(x) + 1 e(l”)xj‘e_(w)g f(£)ds.
0

@ ¢(x):1+j(§ —X) 4 (&) d&
0

ANSWEr. cos X.
X

3 o=e’+ j e 4(£) de
0

Answer. XD,

1.7. Check Your Progress.
1. Reduce following initial value problem into Volterra integral equations:

y'-2xy' -3y=0; y(0)=0,y(0)=0
Answer. y(X) = I(X+§) y(&) d<.
0

2. Using the method of successive approximation, solve the integral equation,

X

U(X)= (L +x) — j u(&) d& with uo(x) = 1.
0
Answer. 1.
3. Use the method of Laplace Transform to solve the following integral equations.

U= e + jsm(x_g) u(&) dé
0

Answer. 27 -1 + x.
1.8. Summary. In this chapter, various methods like successive approximations, successive

substitutions, resolvent kernel, Laplace transform are discussed to solve a Volterra integral equation.
Also it is observed that a VVolterra integral equation always transforms into an initial value problem.
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